Abstract. In this paper, we show that a link which has a positive and almost alternating diagram is alternating, besides that a positive and non-alternating Montesinos link has an almost positive-alternating diagram.
Introduction
A link is a disjoint union of circles embedded in S 3 , and a knot is consist of one circle. A diagram of a link is a generic projection of a link on S 2 with over/under information for each double point. A diagram is alternating if the over-crossings and under-crossings appear alternately along every component of the diagram, and a link is alternating if it has an alternating diagram. A link diagram is almost alternating if one crossing change makes it into an alternating diagram, and a link is almost alternating if it has an almost alternating diagram and no alternating diagram.
A diagram is positive if the sign of every crossing is positive. (A negative diagram is the mirror image of a positive diagram.) A link is positive if it has a positive diagram, and a link is positive and alternating if it has a positive diagram and an alternating diagram. A link is positive-alternating if it has a positive and alternating diagram. Nakamura showed that every positive and alternating link has a positive-alternating diagram ( [11] ). (We call a positive-alternating diagram, PA-diagram, and a positeve and alternating link, PA-link for short.) So our concern is a positive and almost alternating link, that is to say a link which has a positive diagram and almost alternating diagram and has no alternating diagram. In section 3, we show the following:
Theorem3.1 Let L an oriented link. If L has a positive and almost alternating diagram then L is alternating.
Besides we know that every positive and almost alternating knot has an almost positive-alternating diagram with up to eleven crossings. Furthermore Jong and Kishimoto showed that every positive knot up to genus two is positive-alternating or almost positive-alternating( [7] ). A diagram is almost positive-alternating if one crossing change makes it into a PA-diagram. We say such diagram almost PA-diagram. In this paper we show the following:
Proposition4.1 Every positive Montesinos link has an almost positive-alternating diagram.
This paper is organized as follows; In Section 2, we briefly review almost alternating links and positive alternating links. In Section 3, we prove Theorem3.1. In Section 4, we characterize positive Montesinos links and prove Proposition4.1.
Preliminary
First we shortly introduce some definitions. A diagram D is said to be equivalent to a diagram D ′ if they both represent same link. A diagram is said to be reduced if there exists no crossing such that the diagram is separated by splicing the crossing as shown in Figure1 (1) . A diagram is said to be II-reduced if there are no obvious removal Reidemeister-II move i.e. the link contains no 2-tangle as shown in Figure 1 (2) (See [12] ). Next we introduce some results about almost alternating links. First any alternating link involving a trivial link has an almost alternating diagram. Moreover any alternating link has infinite almost alternating diagrams(see [2] ). For example we can make infinite almost alternating diagrams from a trefoil knot as shown in Then our concern at the moment is the following question. Question: How is the diagram of a positive and almost alternating link? In section 3, we show that a positive and almost alternating link does not have a positive and almost alternating diagram for the partial answer to the question above. Next we prove that disk A actually separates into disk A 1 and disk A 2 . We name five crossing points outside of A, α, α ′ , β, β ′ , d as shown in Figure 9 . Besides we also name the strand which passes through α and enters into A, α, similarly the strand which passes through β and enters into A, β. When the strand which passed under the strand α at α crosses next strand, there can be three cases as shown in Figure 10 Since the diagram D is positive and alternating in region A therefore in any case the next strand passes under this strand from the right side to the left side as shown in Figure 11 (1). We name these crossing points p 1 , p 2 , . . . and also name the arc from α to p 1 , p 0 , from p 1 to p 2 , p 1 , similarly p 2 , p 3 , . . . and so on. On the other hand we consider the strand which passes over β as shown in Figure 11 (2). Finally there are two sequences of arcs in A and they are both oriented. This is such as shown in Figure 13 (1). If p m and q n cross each other then p m passes over q n from the left side to the right side as shown in Figure 13 (2).
Main Theorem
We name this crossing point c, then there is a polygon with vertices α, d, β, q 1 , q 2 , . . ., q n , c, p m , p m−1 , . . ., p 2 , p 1 . And two arcs p m , q n enter this polygon as shown in Figure14. This is the contradiction to The Jordan curve theorem( [5] ). Let C be the image of the unit circle, that is C = {(x, y); x 2 + y 2 = 1} under an injective continuous mapping γ into R 2 . Then R 2 \C is disconnected and consists of two component.
Moreover if p m or q n crosses some arc in {p i } or {q j } then next it crosses the same arc and enter this polygon again. Because each p i is an arc from under crossing to over crossing and each q j is an arc from over crossing to under crossing. After all we can see that p m and q n never cross each other in A.
For this reason A must separate into A 1 and A 2 hence D is equivalent to an alternating diagram D ′ . This completes the proof of Theorem3.1. 
Positive and almost alternating Montesinos link
In this section we would like to study an oriented Montesinos link L denoted by C(α 1 /β 1 , α 2 /β 2 , . . . , α n /β n ), α i /β i ∈ Q. Any α i /β i represents not only a rational number but also a rational tangle R i = (α i /β i ). About rational tangles, see [10] . The standard diagram D of L denoted by D(α 1 /β 1 , α 2 /β 2 , . . . , α n /β n ) is shown in Figure15, where (α i /β i ) = R i = R(a i1 , a i2 , . . . , a im ). That is to say, D is the numerator of the sum of n rational tangles. For example in the case where any a ij > 0 R i is as shown in Figure 15 (2) or (3).
Abe and Kishimoto showed that any non-alternating Montesinos link is almost alternating, and we have the following proposition. Proof 4.5. First we consider the case where the directions of left-hand side arcs of R 1 are parallel. In this case, naturally the directions of the right-hand side arcs of R n are also parallel as shown in Figure 19 (1). Besides it is easy to see these directions hold in the case of R n−1 , R n−2 , . . . , R 2 as shown in Figure 19 (2) . That is to say, the directions of the left-hand side arcs of any tangle R i are all the same as shown in Figure 19 (3). Since each tangle R i = R(a i1 , a i2 , . . . , a im ) is positive and alternating, we know that a ij ≤ 0 for any j for any j (1 ≤ j ≤ m). Hence α i /β i < 0 for any i (1 ≤ i ≤ n). Then D is necessarily alternating. Next we consider the case where the directions of the left-hand side arcs of R 1 are opposite. In this case, the directions of the right-hand side arcs of R n are as shown in Figure 20 (1) or (2). So for any tangle R i , the directions of the right-hand side arcs are as shown in Figure 20(3) or (4) . In any case, we know that a ij > 0 for any j (1 ≤ j ≤ m), because any R i is positive and alternating. Therefore α i /β i > 0 for any i (1 ≤ i ≤ n) and D must be positive. This completes the proof of the proposition.
In addition when we meditate upon oriented rational tangles, we can classify them into three types as shown in Figure 21 . What is more we can have the next lemma.
Lemma 4.6. Let R be an oriented rational tangle denoted by (α/β), where α/β ∈ Q =0 , β = 0. If any crossing in R has the same sign +, then the following holds.
(1) If R is of type I, then α/β < 0. Proof 4.7. In the case where R is of type I, the oriented tangle R is naturally as shown in Figure 22 (1) or (2), and in both cases α/β < 0. If we reverse all directions, we can prove in exactly the same way. In the case where R is of type II, R is as shown in Figure 22 (3) or (4), and it is easy to see in both cases α/β > 0. Besides, when R is of type III and |α/β| ≥ 1, R is neccessarily as shown in Figure  22 (5), and α/β > 0. On the contrary if |α/β| < 1, R must be as shown in Figure  22 (6), and α/β < 0. We have thus proved the lemma. In fact, there are two types in type III as shown in Figure 22 (5) and (6) . So next we rename type III as shown in Figure 22 First we consider the case where some β j = 0. In this case the tangle α j /β j is a ∞-tangle as shown in Figure 23 
Thus if D is non-alternating then there must be some α j /β j such that |α j /β j | < 1. That is to say, there exists some tangle R j such that R j = R(a j1 , a j2 , . . . , a jm ), a jm = 0. Futhermore, by Lemma 4.6 we know that there exist some (may be one) rational tangles of type III − and some (may be one) rational tangles of type II or III + in {R i }. In this condition we can transform the tangles of type II as shown in Figure 22 After the transformations above, we can regard that D is equivalent to the diagram D ′ = D(P 1 , P 2 , . . . , P n ) as shown in Figure 25 (1) where P k (1 ≤ k ≤ n) is a rational tangle or a 180 degree reversed rational tangle as shown in Figure  25 (2) ∼ (5). Besides, there exists at least one tangle of type III − , that is, the tangles as shown in Figure 25 (4) or (5). These tangles as shown in Figure 25 (2) ∼ (5) are all alternating and all crossings in these diagram have the same sign +. Namely, these tangles are all PA-tangles. (If a tangle is alternating and every crossing point in this diagram has the same sign +, we call this tangle a PA-tangle.) In addition, the depicted symbols of the tangles as shown in (2) and (3) are such as shown in (6) and those of the tangles as shown in (4) and (5) are such as shown in (7).
Assume P s is the rightmost tangle of type II or type III + as shown in Figure  25 The directions of outer arcs of T 1 are as same as those of T 0 , and it is obvious that if tangle P s−1 which is on the lefthand side of T 1 is like as shown in Figure  25 (4) or (5) then the tangle sum P s−1 + T 1 is a PA-tangle. On the other hand, if P s−1 is as in Figure 25 (2) or (3), we can obtain a PA-tangle in a similar fashion like above. Therefore when v is the number of tangles like as shown in Figure 25 
